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Abstract In this article, static analysis of functionally graded piezoelectric beams based on the 
higher-order shear deformation theory under thermal loads is investigated. The beam with 
functionally graded piezoelectric material (FGPM) is graded in the thickness direction with a 
power law distribution for the piezoelectric material properties. The electric potential is assumed 
linear across the beam thickness. The governing equations are obtained using the potential energy 
and the Hamilton’s principle. The exact solution of simply supported functionally graded 
piezoelectric beam is obtained by the finite Fourier transformation. Results are presented for 
different power law indices under thermal gradient.  
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1. Introduction  
 
Piezoelectric actuators and sensors have novel applications for microelectromechanical systems 
and smart material systems, especially in the medical industries. Since most applications involve 
operations in changing thermal environments, increased interests in piezothermoelasticity during 
recent years have addressed thermo-and electromechanical responses. Nowadays, the use of 
functionally graded materials (FGM) has gained intensive attention especially in extreme high 
temperature environment and reducing high thermal stresses.  

Smart structures or elements made of these so-called FGPMs are usually superior to the 
conventional sensors, and actuators are often made of the uni-morph, the bi-morph and the 
multimorph materials. For a piezoelectric laminate with homogeneous material properties in 
layers, large bending displacements, high stress concentrations, creep at high temperature, and 
failure from interfacial bonding are usually presented at the layer interfaces under mechanical or 
electric loading. These effects may lead to lifetime limitations and reliability reduction. To reduce 



Static Analysis of Functionally Graded Piezoelectric Beams Based on Higher-Order Shear 
Deformation Theory under Thermal Loads: Abbasi, M. et al 

 

 
 

the drawbacks, piezoelectric materials and structures with functionally graded material properties 
along the layer-thickness direction have been introduced and fabricated. [1-2]. 

In the present study, static analysis of functionally graded piezoelectric beam is carried 
out under thermal loads using the finite Fourier transformation. In addition, the main aim of the 
study is to evaluate the influence of the grading on the results. 
 
 
2. Derivation of the Governing Equation  
 
Consider a functionally graded piezoelectric beam as shown in Fig. 1. The material properties 
change functionally between the upper and lower surfaces across the beam thickness. 
 
 

 
 
Fig. 1 Schematic diagram of the bar–bar tensile impact apparatus 
 
 
 

In the model that is used in this paper, the material properties are expressed as 
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where z is the coordinate along the thickness direction of the beam, (Pu, Pl) are the properties of 
the upper surface and the lower surface, respectively, and h is the thickness of the FGPM beam. 
The power n is the volume fraction exponent. 

In the present analysis, constant surface temperatures are imposed at the upper and lower 
surfaces. The variation in temperature is assumed to occur along the thickness direction only. 
Thus, the steady-state heat transfer equation is reduced to a one-dimensional equation as 
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where T is the absolute temperature; Tu and Tl are the applied temperatures on the upper and 
lower surfaces, respectively, z is the coordinate in the thickness direction, and K is the thermal 
conductivity, which varies according to the profile given by Eq. 1.                                   

Using the higher-order shear deformation theory, the displacement components are 
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where u is the axial displacement, w is the transverse displacement in the z direction, and ψ is the 
rotation angle of the cross-section with respect to the longitudinal axis. The constant cs is given 
by cs=4/3h2. The subscript zero denotes middle surface and a comma denotes partial 
differentiation. In terms of the displacement components, the normal and shear strains are given 
by 
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The constitutive relationships describing the electrical and mechanical interactions for the 
piezoelectric materials are given as [3] 
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Here, σij and εkl are the stress and strain tensors respectively, Di is the electrical displacement 
vector, El = −φ,l is the electrical field vector, φ is the electrical potential, cijkl is the elasticity 
matrix, eikl is the piezoelectric constant matrix, ηil is the dialectical permittivity coefficient matrix, 
βij = cijklαkl with αkl being the thermal expansion coefficients, pi denotes the pyroelectric constants, 
and θ = T − T0, where T0 is the reference temperature. 

The linear constitutive equations for the stresses and the electric displacements based on 
the higher-order shear deformation theory reduce to  
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where Ê  and Ĝ  are the Young’s modulus and shear modulus, respectively. For mathematical 
simplification, the potential φ is assumed linear across the FGPM beam thickness as [4] 
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where +ϕ  and −ϕ are the electric potentials on the upper and lower surfaces of the FGPM beam, 

respectively. 
For static analysis of the beam, the virtual work done by the electromechanical internal 

forces in the FGPM beam is [5] 
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Using Eqs. 6 and the electric field relations of Eq. 7, and substituting into Eq. 8 and 

carrying the variational formulation, the dimensionless governing equations are obtained as 
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where the dimensionless values are defined as  
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Here, l is the length of the beam, uÊ  and ue31  are the Young’s modulus and  the piezoelectric 
constant of the upper surface of the FGPM beam, respectively. The sign (-) indicates 
dimensionless value. 
 
 
3. Solution Procedure  
 
In the present analysis, an analytical solution is obtained for the simply supported FGPM beams 
with the following boundary conditions as 
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To solve the system of Eqs. 9,  the finite Fourier transformation can be used as 
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Formulas for the inverse of transformation are obtained using the relationship from the 

theory of Fourier series. To obtain the mth Fourier components of the unknown variables, the 
system of Eqs. 9 must be solved based on the choice of m as.  
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4. Results and Discussion  
 
An FGPM beam of length 0.2m and height 0.0025m with simply supported boundary conditions 
is assumed .The bottom surface of the FGPM beam is Platinum with the temperature T=300K, 
whereas the top surface of the beam is PZT-4A with temperature T=400 K. It is assumed that the 
reference temperature is T0=293K. The material properties of PZT-4 and Platinum are shown in 
Table 1. 
 
 
Table 1 Material properties of PZT-4 and Platinum 

 
 
 
The FGPM beam is studied under a thermal gradient through its thickness direction. The 
temperature of the top PZT-4-rich surface is fixed at 400 °K and that of the bottom Platinum 
surface is kept constant at 300 °K. It is assumed that the reference temperature is T0=295°K. The 
temperature field through the thickness of the beam is shown in Fig. 2. 
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Fig. 2 Distribution of the temperature across the dimensionless thickness of the FGPM beam. 
 
 
The dimensionless deflection through the dimensionless beam length is shown in Fig. 3 for 
various volumes fraction exponents n. It is observed that for different values of n, different   
deflection profiles for the beam under thermal gradient is obtained. Figure 4 depicts the upper 
surface axial stress σx of the FGPM simply supported beam (x=0.25l) versus volume fraction 
indexes under thermal gradient. Figure 5 shows the distribution of  shear σxz across the thickness 
direction at x=0.25L for the FGPM beam under thermal gradient. Also, Figure 6 shows the 
electric displacements Dx across the thickness direction for the FGPM beam caused by thermal 
load. It is observed that the electric displacements change slightly for different power law indices 
under thermal load. 
 
 
5. Conclusion 
 

In the present paper, the effect of thermal loads on the static behavior of a functionally graded 
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Fig. 3 Distribution of dimensionless deflection       Fig. 4 The upper surface axial stress σx versus  
through the dimensionless length.                            volume fraction index. 
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Fig. 5 Distribution of dimensionless shear stress    Fig. 6 Distribution of dimensionless electric 
across the dimensionless height.                            displacement across the dimensionless height. 
 
piezoelectric beam is investigated using the higher-shear deformation theory. The solution of 
governing equations is obtained using the virtual work and the finite Fourier transformation.   
Results show the displacement and stress components change significantly and gradually unlike 
the electric potential field for different power law indices. Moreover, it can be said that for the 
intermediate values of n the electric potential field is maximum.  
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