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Abstract

This paper presents an analytical solution using the
finite Fourier  transformation for coupled
thermoelasticity of a beam based on the higher-order
shear deformation theory subjected to thermal shock
loads. The beam is made of homogenous and isotropic
materials. The equation of motion and the conventional
coupled energy equation are simultaneously solved to
obtain the displacement components and temperature
distribution in the beam. Results are presented for
simply supported boundary conditions and are verified
with those reported in the literature.

Keywords: Beams, Coupled thermoelasticity; Higher-
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transformation

Introduction

McQuillen and Brull [1] presented analytical solution
for the dynamic thermoelastic response of cylindrical
shells using a variational theorem. Coupled
thermoelasticity of beams is discussed by Massalas and
Kalpakidis [2,3]. The analytical solution of the coupled
thermoelasticity of beams with the Euler-Bernoulli
assumption is given in [2], and that with Timoshenko
assumption is given in [3]. In the treatment of these
problems a linear approximation for temperature
variation across the thickness direction of the beam is
considered. Eslami and Vahedi [4] presented the one-
dimensional coupled thermoelasticity problem of rods
using the Galerkin finite element method. Finite element
coupled  thermoelastic  analysis of composite
Timoshenko-beams is given by Maruthi and Sinha [5],
where the temperature variation across the thickness
direction is neglected. Manoach and Ribeiro developed
a numerical procedure to study the coupled large
amplitude thermoelastic vibrations of Timoshenko
beams subjected to the thermal and mechanical loads
using the finite difference approximation and modal
coordinate transformations [6]. The thermoelastic
damping of micro-beam is analyzed by Sun et al. [7]
using the finite Fourier transformation method
combined with Laplace transformation and the normal
mode analysis. The governing equations of coupled
thermoelastic are established based on the generalized
thermoelasticity theory with one relaxation time for
simply supported Euler-Bernoulli beam.

This paper presents the behavior of a beam under lateral
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thermal shock with coupled thermoelastic assumption.
The analysis is based on the finite Fourier
transformation method. The beam formulations are
based on the higher-order shear deformation theory.

Derivation of The Governing Equation

Consider a beam of rectangular cross section with
length /, height # and width b5, as shown in Figure 1.
Using the higher-order shear deformation theory, the
displacement components are [8]

u(x,z,1) = ug (x,0) + 2y (x,0) — 23 (w , +y), O
w(x,t) = w(x,1).

where u is the axial displacement, w is the transverse
displacement in the z direction and w is the rotation
angle of the cross-section with respect to the
longitudinal axis. The constant ¢ is given by
¢ =4/3h’ The subscript zero denotes middle surface and
a comma denotes partial differentiation. In terms of the
displacement components, the normal and shear strains
are given by

Ex:uo,x+Zl//,x_C'ZS(W,xx-'_!//,X)' (2)
Ve =(w, +p) =32 (w, +y).

Assuming that the beam material is linear elastic and
isotropic, the stress-displacement relations for the beam
are

o, =Eluy, +zy —c'zz(l//')C +w )]-Eab, @)
o.=Gly+w, 3% (y + w)l

where G is the shear modulus, a is the coefficient of
thermal expansion, 6=1-T, is the temperature change,
and Ty is the reference temperature, respectively.

We assumed that the temperature change along the
height direction is linear. This assumption is justified
considering that the thickness of the beam is small with
respect to its length [2,3]:

Figure 1. The beam and coordinates
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where 0, and 6, are unknown to be found through the
solution of the coupled equations.

Equation of Motion
The equations of motion of a beam based on the higher-
order shear deformation theory are [8]
N, =Ilgugyu+JW ,—claw,y,
+ C'P,xx =lgw, + C([3u0,xtt I o — 0,2]6W,xxtt ®)

op
M,x - Q = Jluo,n + KZ‘//,tt - J4W,xzz
whe

re
N =|o,dz,
M=\o,zdz,
Q - zedz!

R= zaxzzzdz. (6)
0=0-3¢R,

M=M-c'P

(Z;) =Izpzidz i=01..6

Ji=1i =il

and p is the mass density of the beam.

Substituting Egs. (3), (4), and (6) into Egs. (5), the
equations of motion become

Aluo,xx + AZl//,xx + A3W,xxx + A491,x + A592,x +

Agugy + A7y 4 + Agw o =0,

BluO,xxx + BZW,x + B3l//,xxx + B4W,xx + BSW,xxxx
+Bﬁel,xx +B792,xx +B8u0,xtt +BQW +BlOW,tt (7)
= 0,

Cluo,xx + CZ‘/I + C3‘//,XZ)C + C4W,x + CSW,xxx +

| Xtt

+ B w

,Xxtt

Ce0y, +C70,  +Cguug, +Coyr , + Crgw , =0.

where 4's, B's and C’s are given in Appendix A.

Simply supported boundary conditions are considered
for the beam and the beam is assumed to be initially at
zero deflection

ug . (0,1) =uqy (1,1) =0, t>0
v 0.0 =y . (,1)=0, t>0 @)
w(0,2) = w(l,t) =0, t>0

ug(x,0) =y (x,0) = w(x,0)=0. 0<x </

Energy Equation
The first law of thermodynamics for heat conduction in
beam in the coupled form is [4]

(kai)i _PCVQ, _aTO(3/1+2ﬂ)(gii)’, =0 (9)

where k, ¢,, a, and ¢; are the thermal conductivity,
specific heat, coefficient of linear thermal expansion,
and normal strain, respectively, and A and u are the
Lamé constants.

The energy equation for the beam based on the higher-
order shear deformation theory is reduced to

Res=k0 +k0_ —pc,0, (10)

_EaTO(uO,xr +ZW _CVZS(V/,xr + W,xxt)): 0
The thermal boundary conditions may be assumed that
the lower beam surface is heat isolated and a heat flux
q(x,t) is applied on the upper beam surface. The beam is
initially assumed to be at ambient temperature and the
thermal boundary and initial conditions are assumed as
6(0,7)=6(l,t) =0, t>0

(11)
A(x,0) =0. 0<x<l
Using Eqg. (4) and multiplying Eq. (10) by dz and zdz,
integrating over height %, the residue Res of the energy
equation may be made orthogonal with respect to dz and
zdz, to provide two independent equations for two
independent functions 6, and 6, as
Dy0, o + D30, i + D36y, + Dy, + Dsug , +

,xxt+D8q_(xvt)+D9q+(x:t):07 (12)
E7O « + Ex0 o + E30, + E46,, + Es0, , + Egug

DGW,xt + D7W

+ E7‘//,xt + ESW,xxt + qu_ ()C, ZL) + EquJr (x! t) =0.

where ¢ " and ¢ are the applied heat flux on the upper

surface and lower surface of the beam, respectively.
D's and E’s are given in Appendix A.

Solution Procedure
To solve the simultaneous governing equations,
dimensionless values are defined as

uy = k u

’ Qavrgalz .

_ k

V= v,
qavrgal

— k

W= > W,
Qavrgal

2} :Lgl
qavrgalTO

- X

xX==,
/

- K

I—h—z.

(13) where g, and « are the average of heat flux and
thermal diffusivity, respectively. The bar values indicate
dimensionless parameters.

Assuming Egs. (7) and (12) and using the dimensionless
parameters, the five coupled governing equations are

iy + AW 5+ AW o +as0 ; tast,;
+agly; +ary ;; +agw 5z =0,

bitg sz + b2 5 +b3W v + by W i +b5W s
+176§1,ﬁ +b7§2,ﬁ +bgitg 77 +bo¥ 577 +

=0,

Cllgsx T CW +C3W 5z FCaW s +CsW i +

biow i +biyW i
(14)
cgOiz + 070y 5 + gl 7 +Col ;7 +C1oW 5 =0,

d1Oy 55 +d 0, 5 +d30,; +d 0, ; +dsug 5

61491’;; +6202ﬁ +e30, +6491,E +e5:9211— +



— — — - +
el s Te7V 57 tegW i +egq +epq =0.

where a's, b's, ¢'s, d's and e's are dimensionless
constants of coupled equations. Simultaneous solution
of these equations provides the distribution of the
displacement components of the beam and the
temperature variables.

Regarding the boundary conditions in Egs. (8) and (11),
to solve the system of equations of motion and energy
equations a finite Fourier transformation can be used as
[2,3]

7y, (m,7) = j(jﬁo (%,7) cos(m ) dx,

7 (m ) = [ 7 (5,7) cos(mm)x,

W (m, ) = [ 2)sin(m) (15)
B (1) = [ B(E.1)sin(m)as,

8, (m.7) = j:a?z(z,i)sin(mm?)dz.

where m=1,3,5, ....

The solutions given by Egs. (15) automatically satisfy
the boundary conditions (i.e., Egs. (8) and (11)). Based
on the Fourier series theory, the inverse transformation
of Egs. (15) are expressed by

ity (X,7) =2 itg,,, (m, 1) cos(m ),

v (x,1)=2) ,(m,1)cos(mx),

W, 1) =2)_ W, (m, 1) sin(m7x), (16)
6,(x,1)=2)_6,,(m,7)sin(mzx),

0,(%,7) =2 0y, (m,F)sin(mx).m =13,...

Applying the Fourier transformations to Egs. (14) and
the initial conditions Egs. (8) and (11) leads to

- rzalb_to - r2a2y7m - r3a3W + ra46_?1m + ra56_?2m

= O,

+ aGuOm it a?‘//m it a8wm tt

r b1”0 —rbyy,, +r b3l//m —-r b4w +r b5w

m
2
= 2bgOyy — 70105, —rbgug,, 7 = oy, 17 +
2y — _
blOWm 7T bllwm,ff - 0’
—r3c5W +

=0,

2 — 2 — =
—ricly,, + CW,, — F CW,, F rC W, (17)

1CeOLy, + 1C10,, + Cgllg,, 7 + oW/, 77 + TC1oW,

m, tt m, tt

- rzdlglm - r2d2§2m + d391 it d49

2m,t
- rd6v7m F d7wm t (ZdS/V)q_

+ (2d9 /r)q+ =0,
- ”2616_’1m -r eZHZm + 63§2m + 3491

rd5u0m’tf

m,t + 6502111 r

+(2eq/r)g”

p— pa— 2 —
reﬁuom,f - 7’87!//'"'; -r eSWm,f

+(2e0/r)g" =0. r=mx

The system of coupled Egs. (17) are functions of the
Fourier parameter m and time ¢. The solution presented
in this paper is obtained by the finite Fourier
transformation, where time is eliminated using the
Laplace transform. Once the solution in space domain is
obtained , an analytical scheme is used for the Laplace

transform to find the final solution in real time domain.
Assuming the lower beam surface is heat isolated (¢"=0)
and a step function heat flux ¢ is applied on the upper
beam surface and applying the Laplace transform to
Egs. (17), give

—rzaonm r aZ‘I-’ -r a3W +7a,0,
+rag®,,, +ags Uom +a;s ‘I’m +a8s2Wm =0,

I’3blU0m —rbz\Pm + r3b3\Pm - Vzb4Wm + V4b5W

—r2b6®lm —r2b7®2m —rbSSZUOm —l”bgsz\{’m +
b]_oSZWm _rzbllSZWm = O,
—I‘ZClUOm +02l}1m _VZCSIIIM +VC4Wm (18)

- r3c5Wm +71cg®y, +1c;0,, + CBSZUOm

+cgsz‘1’m +clossz =0,

—r2d©,, —r?d,0,, +d3s0O,, +d,s0,,
—rdgsUq, —rdgs'¥, —rd;sW,, +(2dy/rs)g* =0,
- rzel(i)lm - rZeZG)Zm +e30,, +e,50,, +e550,,
—regsUy, —ress',, —rlegsW,, +(2ey /rs)g* =0.
where s is the Laplace transform parameter and
U, = Llitg,, ],

¥, =L[7,]

W, =L[w,], (19)
Oy, = L[ﬁlm],

Oz :L[6_P2m].

Thus, the solution of unknown variables in Egs. (18) in
the Laplace transformation domain can be given as

0, (s)
P,(s)
where Q,,(s) and P,,(s) are polynomial functions of s. As

an example, the lateral deflection function in the
Laplace domain for coupled assumption is given as

F,(s) = (20)

5(q0+q2s2) (21)
s\Po +pls+p2s2 +P3S3 +P454 +P555)
where ¢’s, p's and ¢ are given in Appendix B. Carrying
out the inverse Laplace transform of Eq. (20) , the
solution of unknown variables in time domain are
obtained as [2,3]

i Qm(Sp.) s, .t
fn) =) ———~e" (22)
ng By (Sp/')

where s,, are the roots of P,(s) and n, is the number of
roots. Also, (') sign in superscript indicates derivative
respect to s. According to Egs. (16) and Eq. (22), the
unknown variable functions are obtained in terms of
space variable x and time ¢. As an example, the lateral
deflection function can be given as

W(x,f) =2 iwm (m, 7) sin(mzx)

m=1,3,...

W, (s)=

@ (qqusf,.) o0
=2 — e Sin(miv?) 23
m:lz?;,...j =1 P'(sp,-) ( )

Pw(sp/) =py +2plsp/ +3p2s§/ +4p3sf’]/ +

4 5
Spas, + 6p5spj



Results Discussion

To study the effect of lateral thermal shock on the beam
with coupled thermoelastic assumption, an aluminum
beam of length 0.25m and height 0.0022m is assumed.
The material properties of aluminum are shown in Table
1. The thermal boundary conditions at the ends of the
beam are assumed to be ambient temperature 7, =293K.
The upper side of the beam is subjected to a step
function thermal shock while the lower side is insulated.

Table 1. Material properties of aluminum

E =70Gpa p=21707 kg/m®
K =204 W Im°K

G =26Gpa

a=23x10"% 1/°K

¢, =903J [ kg®°K

Figure 2 shows temperature change history between
upper and lower surfaces at the midpoint of the heated
beam for the uncoupled assumption reported by [2] for
Euler-Bernoulli beam and the present study. Due to the
applied step function thermal shock, the beam
temperature peaks to a maximum value, and then
diffuses during the time. Close agreement is observed
between the two studied for temperature histories.
Figure 3 shows the midpoint lateral deflection history of
Euler-Bernoulli beam with uncoupled assumptions
reported by [2] and the present study. Due to the applied
thermal shock, beam vibrated. It is observed that the
maximum lateral deflection and the amplitude of
vibration for Euler-Bernoulli beam theory are larger
than that obtained using the higher-order shear
deformation theory.
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Figure 2. Temperature change history between upper
and lower surfaces at the midpoint of the beam.
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Figure 3. Lateral deflection history at the midpoint of
the beam.

According to Egs. (16) and Eg. (22) and considering
m=1, the numerical functions of dimensionless lateral
deflection w and dimensionless temperature change 6,
are obtained at the midpoint of the beam for coupled
and uncoupled assumptions.

The numerical functions of the variables are taken for
the uncoupled assumption as

Wncoupiea (0-5,7) = 0.0515966 - 0.0443701( 2001 D
-7.29508x103c0s(29.5735 1)
-1.79773x107%sin(29.57351)
+1.39251x10™8cos(2613731)

+3.03286 x1045in(2613731)

Druncoupieq (0-5.7) = 0.831265 - 0.832153¢ 19630

and the coupled one as
Weouptea (0.5,7) = 0.0515966 - 0.0443789e 1194 9

(24)

-7.21772 x10"3c0(29.61937)e 001856
-1.79297 x 10°25in(29.6193t)e 001856 D
+1.39251x 108 cos(261373T)e5381640°
+3.03286 x 10—14Sin(261373f)e(—5.3816><10'6 %)

2 - (25)
D puptea (0.5.7) = 0.817317 - 0.818029¢ 11963

+7.1171x 10" cos(29.61937)e 001856 1
+1.85603 x 10%5in(29.61937)e 001856 D
+3.09111x 10 cos(2613730)e 516407

+3.36663 x 10'1lsin(261373f)e(-53816x10’6 p

It is found from Egs. (24) and (25) that the
dimensionless lateral deflection w has the same
frequency of oscillations as the dimensionless
temperature change 6,. Also, no distinguishable
difference is observed in the frequency of oscillations
for the coupled and uncoupled solutions.

According to Egs. (24) and (25), the temperature change
history between upper and lower surfaces at the
midpoint of the heated beam for the uncoupled and
coupled assumptions is shown in Figure 4. It can be
seen from Figure 4 that the temperature is vibrating with
small amplitude when the coupling between the strain
and temperature fields is taken into account.
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Figure 4. Temperature change history between upper
and lower surfaces at the midpoint of the beam for

coupled and uncoupled solutions.



According to Eqgs. (24) and (25), Figure 5 shows the
midpoint lateral deflection history for the uncoupled and
coupled assumptions. It can be seen from Figure 5 that
the vibration of the beam decays as time increases,
when the coupling between the strain and temperature
fields is taken into account. Also, no significant
difference is seen in both coupled and uncoupled
solutions. Since the vibrations of the beam for the
uncoupled and coupled solutions is hardly distinguished
form the curves in Figure 5, the difference between two
solutions is shown for long time in Figure 6 to see the
vibration decay caused by thermoelastic damping and
the couple effect.

0.0

0.07f A : N PR y

1=
=
=)

o
o
a

1=
o
@

Dimensionless lateral deflection
o
5
g

o
o
S

coupled
----- uncoupled

o
o
2

L L L L L L L L L
0 05 1 15 2 25 3 35 4 45 5
Dimensionless time

Figure 5. Lateral deflection history at the midpoint of
the beam for coupled and uncoupled solutions.
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Figure 6. Lateral deflection history at the midpoint of
the beam for coupled and uncoupled solutions.

Figure 7 shows the history of maximum rotation angle
of the cross-section with respect to the longitudinal axis
for the uncoupled and coupled assumptions. It can be
seen from Figure 7 that due to the coupling effect, the
rotation angle of the cross-section, similar to the lateral
deflection, decays as time increases.

Figure 8 shows the normal stress history at the midpoint
of the beam on the upper surface for the uncoupled and
coupled solutions. As seen, it decreases with respect to
time for coupled solution. Also, It is observed that the
maximum normal stress for the uncoupled assumption is
larger than that obtained using the coupled solution.
Figure 9 shows the maximum shear stress history of the
beam for the uncoupled and coupled assumptions. As
shown in Figure 9, the amplitude of shear stress
oscillations decreases slightly because of the coupling
effect.
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Figure 7. History of maximum rotation angle of the
cross-section with respect to the longitudinal axis for the
uncoupled and coupled solutions.
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Figure 8. Normal stress history at the midpoint of the
beam on the upper surface for the uncoupled and

coupled solutions.
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Figure 9. Maximum shear stress history of the beam for
the uncoupled and coupled solutions.

Conclusions

In the present paper, the coupled thermoelasticity of a
beam based on the higher-order shear deformation
theory is investigated. The beam is subjected to a
thermal shock of step function on the upper side while
the lower side is insulated. Boundary conditions of the
beam are assumed to be simply supported with the ends
of the beam at ambient temperature. To solve the
problem, the finite Fourier transformation is used. More
ever, to treat the time dependency, the Laplace
transform technique is applied. The inverse of Laplace



transform is carried out analytically.

Results show the temperature peaks to a maximum
value, and then remains at this value. Temperature is
vibrating with small amplitudes due to the coupling
effect. It is concluded that the maximum lateral
deflection and the amplitude of vibration, for the Euler-
Bernoulli beam theory, are larger than that obtained
using the higher-order shear deformation theory.

Since the flexural theory of thermoelasticity is used, the
stress wave is not observed across the beam thickness.
The oscillations of the lateral deflection, axial stress and
shear stress are, however, observed. Moreover, it is
generally concluded that there is no significant
difference between the coupled and uncoupled
solutions. However, the effect of coupling is similar to
damping. The vibration of the beam decays as time
increases when the coupling between the strain and
temperature fields is taken into account.

List of Symbols

¢, specific heat
modulus of elasticity
shear modulus
thermal conductivity
thermal diffusivity
heat flux

axial displacement
lateral deflection
linear thermal expansion
strain

temperature change
density

stress

rotation angle
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Appendix A
4 =[Ed:
A, = J.Ezdz-i—J.—c’EzSdz

Az = J—C'Ezsdz

4y =[-Ead:
z

Aszj—Ea;dz

A6 :—Io

A7 :_Jl

A8 :C,[g

B, :J-C'Ez?’ dz

By =[Gdz—6c'[GZdz+9¢? [ G2*dz
By=c[Ez'dz—~c?[E 2%

B, =jGdz—ec'szzdz+9c'2sz4dz
By =—c'?[Ez%dz

Bg :J—Eozz3 dz

4
z
B, :j—Ea7dz

By =—'I;
By =-J,
By =1
By =c'"*Ig

C=[Ezdz=c'[E 2 d

C, =jGdz—ec'szdegc'szz“dz
Cy = jE 22dz—2¢ j E Z%dz+¢? j E 2%z
Cy=[Gd-6c'[G22dz+9c? [ G z*dz
Cs=—c[Ez*dz+c? [ E 2%

Cq ZI—Eazdz+c'JEa23 dz

2 4
z , z
c, =I—Ea7dz+cIEa7dz

C8 :_Jl
Cg :—K2
Co=J4
Dy =[Kd:
DZ:IK%dz
Dy :I—pcdz

z
D, :j—pc;dz



Ds = [-EaTyd:
Dg :I—EazTo dz+c'IEa23T0 dz

Dy =c'[Eaz’Tydz

Dg=-1

Dy =1
Elszzdz
EZ:J-Kédz
E; =J—§dz
E, :J—pczdz

2
ES :J._pc%dz

Eg=[-EazT,d
E, :I—EazzTO dz+c’anz4TO dz
E8 :C'J.ClEaZ‘lTO dz

Egz

Appendix B
5=2q"rey

qo = brcy —byc7 + rz(b3‘77 —b;c3)

qo =bycg —bycy

8
Po = (bscse, —bgegey)r™ +
(bscpey +bycaey +bscges —bycses —
6
b3C4€2 _b2C562)r
+ (bscyeq +bycses +bycpe, —bycye,

4 2
—b50263 —b403€3)r +(b4Cze3 —b2C463)r

P = (bscaes + bacqeg + breser —bacses —
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